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Recently, Helliwell and Konkowski (gr-qc/0701149) have examined the quantum “healing” of
some classical singularities in certain power-law spacetimes. In this note I further examine classical
properties of these naked singularities and show that some satisfy the strong curvature condition.
I. POWER-LAW SPACETIMES
The purpose of this note is to study scalar polynomial singularities associated with power-law spacetimes that can
be given in the form
ds2 = rαdt2 − rβdr2 − r
γ
C2
dθ2 − rδ(dz +Adθ)2, (1)
where α, β, γ and δ are (real) constants and A and C are functions of θ only. Helliwell and Konkowski [1] have recently
considered the quantum “healing” of classical singularities in the spacetimes (1) (for C constant and A = 0). Whereas
it is clear that a transformation in θ can be used to simplify (1), in fact neither A nor C enters the present discussion
in an important way and so we simply ignore a transformation in θ. An elementary transformation in r can be used
to simplify (1) into two cases and in the notation of Helliwell and Konkowski these are; α = β for α 6= β + 2 (type
I) and α = β + 2 (type II). This note is organized as follows: first we locate all polynomial singularities in these
spacetimes, then we examine the affine distance to the singularities along timelike and null geodesics and finally we
examine focusing conditions associated with the singularities.
II. SINGULARITIES IN TYPE I

































This tetrad generates the type I spacetime
ds2 = rβ(dt2 − dr2)− r
γ
C2
dθ2 − rδ(dz +Adθ)2. (6)
The non-vanishing tetrad components of the trace-free Ricci tensor are given by
Φ00 =













(β − δ)(δ + γ − 2)
32rβrδr2
. (10)
The non-vanishing tetrad components of the Weyl tensor are given by
Ψ0 = −r
δ(−δ + γ + 2)(β − δ)
8rβr2
, (11)
Ψ2 = −−3 β δ + δ




Ψ4 = − (−δ + γ + 2) (β − δ)
32rβrδr2
. (13)
Finally, the Ricci scalar is given by
R = −−δ γ − δ
2 + 2 δ + 2 γ + 2 β − γ2
2rβr2
. (14)
In general these spacetimes are of Petrov type I but reduce to Petrov type D (and then O) for the following
specializations: γ = δ (β = δ), γ = δ + 2 (β = δ), γ = β (β = δ, β = δ − 2), γ = 2β + 2− δ (β = δ, β = δ − 2).
The tetrad components of the trace-free Ricci and Weyl tensors vanish identically in four cases: (i) (β = γ = δ = 0),
(ii) (β = δ = 0, γ = 2), (iii) (β = γ = 0, δ = 2) and (iv) (β = −2, δ = γ = −2). In cases (i), (ii) and (iii) the spacetime
is flat. In case (iv) the Ricci scalar reduces to 12.
Invariants of any spacetime consist of the Ricci scalar, the invariant of lowest degree, and invariants of higher degree
constructed from appropriate products of the tetrad components of the trace-free Ricci and Weyl tensors [3] [4]. From
(14) it follows that R diverges like 1/rβr2 as r → 0 unless
β = γ2/2− γ + δ2/2− δ + δγ/2. (15)
Substitution of β from (15) into the Ricci invariant of next degree shows that the invariant diverges like (1/rβr2)2 as
r → 0 unless [5]
(δ − 2 + γ)2(δ2 − 2δ + 4+ γδ − 2γ + γ2) = 0. (16)
Substitution of β from (15) and δ = 2 − γ from (16) into the first Weyl invariant shows that this invariant diverges
like (1/rβr2)2 as r → 0 unless
γ2(γ − 2)2 = 0. (17)
The case γ = 0 gives δ = 2 and β = 0, that is, the flat case (iii). The case γ = 2 gives δ = 0 and β = 0, that is the
flat case (ii). Substitution of β from (15) and δ2 − 2δ + 4 + γδ − 2γ + γ2 = 0 from (16) into the first Weyl invariant
shows that this invariant diverges as (1/rβr2)2 as r → 0 for all real γ and δ. Finally, note that both factors in (16)
cannot vanish simultaneously for real γ and δ.
It follows that for type I power-law spacetimes, except for the four cases (i) through (iv), the spacetimes contain a
scalar polynomial singularity at r = 0 for all β + 2 > 0. These singularities are timelike and therefore naked.
3III. SINGULARITIES IN TYPE II
Now consider the Newman-Penrose tetrad consisting of (2) and (3), both with β replaced by β + 2, along with (4)
and (5) unchanged. This tetrad generates the type II spacetime
ds2 = rβ(r2dt2 − dr2)− r
γ
C2
dθ2 − rδ(dz +Adθ)2. (18)
The non-vanishing tetrad components of the trace-free Ricci tensor are now given by
Φ00 =













(β − δ + 2)(δ + γ)
32rβrδr2
. (22)
The non-vanishing tetrad components of the Weyl tensor are now given by
Ψ0 = −r
δ(−δ + β + 2)(γ − δ)
8rβr2
, (23)




Ψ4 = − (−δ + β + 2) (γ − δ)
32rβrδr2
. (25)
Finally, the Ricci scalar is now given by
R =
δ2 + δγ + γ2
2rβr2
. (26)
In general these spacetimes are of Petrov type I but reduce to Petrov type O for γ = δ, and Petrov type D (and
then O) for the following specializations: γ = β + 2 (β = δ − 2), γ = 2β + 4− δ (β = δ − 2).
The tetrad components of the trace-free Ricci and Weyl tensors now vanish identically only for δ = γ = 0 in which
case the spacetime is flat. Except in this case the Ricci scalar itself diverges like 1/rβr2 as r → 0.
It follows that for type II power-law spacetimes, except for the flat case δ = γ = 0, the spacetimes contain a scalar
polynomial singularity at r = 0 for all β + 2 > 0. Again, these singularities are timelike and therefore naked.
IV. AFFINE DISTANCE TO THE SINGULARITIES












4where 2L = 0 in the null case and 2L = 1 in the timelike case, c1 and c2 are constants of the motion and ˙≡ d/dλ
where λ is an affine parameter. It follows from (27) that




where λ∗ and r∗ are finite and non-zero. As a result, the singularities at r = 0 are at finite affine distance if and only
if
α+ β + 2 > 0. (29)
Whereas condition (29) offers no further restriction on β for singularities in type II spacetimes (we again have
β + 2 > 0), for type I spacetimes we obtain the refined condition β + 1 > 0 for singularities, assuming, as usual, that
they must be at a finite affine distance.
V. FOCUSING CONDITIONS
The vector
ka = (1/rα,±1/r(α+β)/2, 0, 0) (30)
is tangent to a class of null geodesics of the spacetimes (1) and we use (30) to examine focusing conditions in the t− r
subspaces. Define
Ψ ≡ λnRabkakb (31)
where Rab is the Ricci tensor. We find
Ψ = r(n/2−1)(α+β+2)∆ (32)
where
∆ = 2β(γ + δ) + γ(2− γ) + δ(2 − δ) ≡ ∆I (33)
for type I and
∆ = 2β(γ + δ) + γ(4− γ) + δ(4 − δ) ≡ ∆II (34)
for type II. Clearly Ψ = 0 ∀ n with ∆ = 0. For ∆ 6= 0, Ψ → 0 as r → 0 for n > 2 and |Ψ| → ∞ as r → 0 for n < 2.
For n = 2, Ψ = ∆ and for ∆ > 0 the singularities at r = 0 satisfy the strong curvature condition [6].
VI. CONCLUSIONS
Type I spacetimes have strong curvature naked singularities at r = 0 for β+1 > 0 and ∆I > 0. Type II spacetimes
have strong curvature naked singularities at r = 0 for β + 2 > 0 and ∆II > 0.
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